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^ . Abstract. It is conjectured that a rational map whose coefh- 

^ ' cients are algebraic over Qp has no wandering components of the 

Fatou set. R. Benedetto has shown that any counter example to 
this conjecture must have a wild recurrent critical point. We pro- 
fSJ . vide here the first examples of rational maps whose coefficients are 

algebraic over Qp and that have a (wild) recurrent critical point. In 
fact, we show that there is such a rational map in every one param- 
eter family of rational maps that is defined over a finite extension 



00 



X 



of Qp and that has a Misiurewicz bifurcation. 



1. Introduction. 



^ , Fix a prime number p, let Qp be the field of p-adic numbers and 

,__! I let Cp be the completion of an algebraic closure of Qp. We consider 

■^ ' rational maps whose coefficients in Cp are algebraic over Qp, viewed as 

^ ■ a dynamical systems acting on the projective line 

O I 1.1. No wandering domains conjecture. Fix a rational map R E 

^ I Cp{z) whose coefficients are algebraic over Qp. Just as in the complex 

c^ ■ case, the projective line P(Cp) is partitioned into two sets: the Fatou 

set where the dynamics is stable and the Julia set where the dynam- 
ics is (topologically) expanding |Hsj . The Fatou set is open and dense 
in P(Cp) and it is in turn partitioned into three open sets, where the 
dynamics of R is: contracting, (eventually) quasi-periodic and wander- 
P4 ! ing Rl . 

The situation here is analogous to the complex case, but Sullivan has 
shown that complex rational maps do not have wandering domains |Suj . 
By analogy to the complex case, it is conjectured that the wandering 
part of the Fatou set is empty jBelj , |Rlj . In its simplest formulation 
this conjecture is as follows. 

Conjecture. Every wandering disk is attracted to an attracting cycle. 
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1.2. Wild recurrent critical points. R. Benedetto has shown that 
any counter example to the no wandering domains conjecture must 
have a non-periodic wild recurrent critical point |Belj . A critical point 
of a rational map i? is a point in P(Cp) where the local degree of R 
is strictly bigger than 1. If moreover this local degree is a multiple of 
p, then the critical point is called wild. A point of P(Cp) is recurrent 
under R if it is accumulated by its forward orbit under R. 

We provide here the first examples of rational maps whose coefficients 
are algebraic over Qp, having a (wild) recurrent critical point that is 
not periodic. Such a critical point must belong to the Julia set, so 
for such rational maps there is a delicate balance between the local 
contraction of the critical point and the topological expansion of the 
Julia set. 

Theorem A. In every one parameter family of rational maps that 
is defined over a finite extension of Qp and that has a Misiurewicz 
bifurcation, there is a rational map whose coefficients are algebraic over 
Qp and that has a non-periodic recurrent critical point. 

A one parameter family of rational maps R has a Misiurewicz bifur- 
cation at a parameter to, if there is a critical point that is mapped to a 
repelling periodic point by some iterate Rl^ of Rt^, but for t ^ to near 
to this does not happen. See Section El for precise definitions. 

We give an algebraic condition that guarantee that the rational map 
in the theorem has coefficients in a given finite extension of Qp, see 
Corollary 2 in Section 1^^ For a given (i > 1, we show that the family, 

P^[z) = -p-'^z{z - ly + t, for t G Cp 

has a Misiurewicz bifurcation at t = and that it satisfies this algebraic 
condition. We conclude that there are arbitrarily small parameters t 
in Qp, for which the critical point 1 of Pt is recurrent but not periodic. 
Note that the local degree of Pt at 1 is equal to d, so when p divides d 
this critical point is wild. 

1.3. Comparison with the complex case. In the complex case 
C McMullen has shown that every non-trivial algebraic family of ra- 
tional maps has bifurcations, except for some special families of Lattes 
maps |Mclj . Moreover Misiurewicz bifurcations are dense in the bi- 
furcation locus |Mc2j . So Misiurewicz bifurcations occur in virtually 
every algebraic family of complex rational maps. 

This statement does not hold in the ultrametric setting considered 
here. To begin with, the family of quadratic polynomials Pdz) = z^-\-c, 
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for c G Cp, is a non-trivial algebraic family of non-Lattes rational maps, 
and yet it does not have Misiurewicz bifurcations. In fact, when |4c| < 1 
all cycles are non-repelling and when |4c| > 1 the (unique) finite critical 
point escapes to infinity, so it cannot be mapped to a repelling periodic 
point. Besides parabolic bifurcations, that have a small impact in the 
overall dynamics, the quadratic family seems to be locally stable. 

Problem 1. Characterize those algebraic families having a Misiurewicz 
bifurcation. 

A marked critical point of a one parameter family of rational maps 
R, is a function c : t ^—>- ct, such that for every parameter t the point 
Ct is a critical point oi Rt. A marked critical point is active at a pa- 
rameter to if on any neighborhood of to the family {R"'{c)}n>i is not 
equicontinuous. A natural candidate for the bifurcation locus is the set 
of those parameters for which there is a (locally) active critical point, 
compare with Proposition 2.4 of |Mc2j . 

Problem 2. Consider a one parameter family of rational maps R 
with a marked critical point that is active at some parameter tg ■ Is to 
accumulated by Misiurewicz bifurcations? 

1.4. Remarks. As P(Cp) is totally disconnected (every connected com- 
ponent is reduced to a point), is not natural to consider the decompo- 
sition of the Fatou set into its connected components, as it is done in 
the complex setting. Moreover the Fatou set is usually equal to P(Cp)! 
There is however a natural (dynamical) partition of the Fatou set, but 
it is not easy to describe. This is done in detail in |R2j . see also |Be3j 
and |Rlj . The situation is much more natural when one considers the 
action of the rational map on the Berkovich analytic space of P(Cp). 

Recently Benedetto has shown examples of (polynomial) rational 
maps whose coefficients are transcendental over Qp, having a wander- 
ing domain |Be3j . Using similar techniques, it can be shown that near 
every Misiurewicz bifurcation of a wild critical point there are (tran- 
scendental) parameters having a wandering domain. 

Here we follow in part the axiomatic treatment of Misiurewicz bifur- 
cations in jMc2j . 

Acknowledgments. I'm grateful to J. Kiwi and R. Benedetto for 
useful comments on a preliminary version of this article. This paper 
was written during a visit of the author at IMPA and it was partially 
supported by MECESUP UCN0202 and PROSUL. 
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2. Preliminaries. 

Fix a prime number p, let Qp be the field of p-adic numbers and let 
Cp be the completion of an algebraic closure of Qp. All finite extensions 
of Qp that we will consider will be subfields of Cp. We denote by | ■ | 
the norm of Cp, by C* its multiplicative group and 

|c;i = {|^IUec;} = {/>o|rGQ}. 

We also denote Op = {z E Cp \ \z\ < 1} the ring of integers of Cp and 
rup = {2; G Cp I \z\ < 1} the maximal ideal of Op. 
For a G Cp and r & |C*| we call 

{\z — a\ < r} or {\z — a\ < r} 

open or closed ball of Cp, respectively. When r > does not belong to 
|C*| these sets coincide and they form what we call an irrational ball of 
Cp. By definition a ball of Cp is irrational if and only if diam(i?) ^ |C*|, 
so the diameter of a open or closed ball of <Cp belongs to \C*\. 

We identify the projective line P(Cp) of Cp with Cp U {00}. So, for 
every subfield K of Cp the corresponding projective line ¥{K) C P(Cp) 
is identified with KU {00}. The chordal metric A on P(Cp), is defined 
in homogeneous coordinates by 

A([x,i/],[x',i/']) \^y'-^'y\ 



When 2;, z' G Cp we have 



max{|a:|, \y\] ■ max{|a;'|, \y'\] 



\z — z'^ 



A(z, z') = -—: p j pr < 1-2 — z'\. 

maxjl, \z\} ■ maxjl, \z'\} 
3. HOLOMORPHIC FUNCTIONS. 

Let n be a positive integer. A closed or open polydisk in Cp is a 
product n of closed or open balls of Cp, respectively. When n = 2, 
polydisks are also called bidisks. 

A holomorphic function defined on a polydisk DinCp, is a function 
given by a convergent power series of the form 

{Zi,...,Zn)^ Y^ C^i,...,^„ ■ {Zl - Cl)''' ■ ...■{Zn- Cn)"" ■ ^ 

Ul,...,Vn>0 



Usually holomorphic functions are defined over more general domains. As our 
results are of local nature, holomorphic functions defined over polydisks will be 
enough for our purposes. 
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Such a function has a power series expansion at each point {(i, . . . , (n) 
in Z2, that converges in all of ID- The sum, the product and the com- 
position of holomorphic functions are holomorphic functions. 

For a finite extension K of Qp, we say that a holomorphic function 
/ defined on a polydisk D is defined over K, if the power series of / at 
some point of D in K^, has coefficients in K. In that case the power 
series of / at each point of D_ in K"^ has coefficients in K. Clearly a 
holomorphic function / defined over K is also defined over every finite 
extension L of K. So the image by / of an element of L belongs to L. 

The sum, the product and composition of holomorphic functions 
defined over K are also holomorphic functions defined over K. 

3.1. The following lemma states some basic properties of holomorphic 
functions that we will use frequently. For the proof in the case of the 
unit polydisk see Section 5.1 of |BGRj . The general case follows easily 
from this case. 

Lemma. Let Di, . . . , D„ be closed balls of Cp of diameters ri, . . . , r„, 
respectively. Then, for {(i, . . . ,(n) E D = DiX . . .x Dn, a power series 

f{zi, ...,Zn)= Yl C'^iv.^n ■ {Zl - Cl)''' ■ ...■{Zn- CnY" 

Ul,...,Un>0 

converges on ID if and only if 

\cui,...,iy„ I ■ r^"' ■ . . . ■ rj^" — > as max{z/i, . . . , z/^} ^ oo. 
In that case 

sup 1/1= sup |c^i,...,i.„ I -r^^ ■...■<". 

D ui,...,u„>0 



3.2. Lemma. (Injective holomorphic functions). 

Given r G |Cp| set D = {\z\ < r} and let f{z) = Cq + CiZ + . . . be a 
power series converging on D . Then the following assertions hold. 

1. f is injective on D if and only if for every k > 1 we have 
\ck\r''~^ < |ci|. In that case 

f{D) = {zeCp\ \z-co\ <\ci\r}. 

2. // / is injective, then its inverse function g : f{D) ^ D is 
holomorphic. 

3. // / is injective and defined over a finite extension K of Qp, 
then the inverse of f is defined over K and f induces a bijection 
between DDK and f{D) n K. 
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Proof. Part 1 is an easy consequence of Schwarz' Lemma, as stated 
in |Rlj . Section 1.3.1. To prove part 2, we reduce to the case Cq = and 
Ci = 1, so that /(-D) = D. Since / converges on D we have jcfclr'^"^ — * 
as A; — >■ CX3. By part 1, the hypothesis that / is injective imphes that for 
k > 1 we have jcfclr'^"-^ < 1. Therefore 7 = sup{|cfc|r'^~-'^ \ k > 1} < 1. 
Let us now define inductively bi G Cp, in such a way that 

J2 bjifi^yy = z mod z'^^. 

Set 61 = 1, so that this is satisfied for i = 1. Suppose that this holds 
for some positive integer i and let a G Cp be defined by 

hj{j{z)y =z + az'+^ mod z'+^ . 

Then 6j+i = —a satisfies the inductive condition. 

By definition bi is a linear combination, with coefficients in Z, of 
terms of the form 

bj- n ^^^' 

where j > 1 and ki + . . . + kj = i, with ki > 1. So it follows by 
induction that hi G Z[ci, . . . , q]. On the other hand. 



E 



< \bjy ■ min{7^ \ck^\r''' \..., \ck^\r''^ ^} 



bj- Yl % 

It follows by induction on i that |&j|r* < r, for i > 1 and that |6j|r* -^ 
as 2 -^ cxD. Therefore the power series z + 62-2^ + • • • converges on D to 
the inverse of /. 

For part 3, just observe that bi G Z[ci, . . . , q], so the inverse of / is 
defined over K whenever / is. The last assertion of part 3 follows from 
the fact that holomorphic functions defined over K map points of K 
to points of K. n 

3.3. Inverse branches. Let / : D ^ Cp be a holomorphic function. 
If for a point 2:9 G -D we have /'(^o) ¥" 0; then / is injective on a 
small ball containing zq and therefore / has a local inverse g at zq 
(Lemma 13. 2|) . The function g is holomorphic and it is defined over a 
finite extension K of Qp, whenever / is defined over K and zq G K. 

3.4. Lemma. Let f be an injective holomorphic function defined on a 
closed ball D ofCp, such that the ball f{D) contains 0. Then for every 
holomorphic function g : D ^ Cp satisfying 

sup \g\ < diam(/(D)), 

D 
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there is zq E D such that f{zo) = g{zo). Moreover, if f and g are 
defined over a finite extension K of Qp, then zq G K. 
Proof. After an affine coordinate change on the domain we assume 
D = Op. Since f{z) = cq + Ciz + ... is injective, for every i > 1 we 
have \ci\ < \ci\ and f{Op) = {\z — co| < |ci|} f Lemma 13. 2|) . So the 
hypothesis G f{Op) imphes |co| < |ci|. 
If we set g{z) = Cq + c'lZ + . . ., then 

sup{|c-| I « > 0} = sup \g\ < diam(/(Op)) = |ci|. 

Op 

So Lemma 13.21 apphed to f — g imphes that the holomorphic function 
f — g is injective on Op and (/ — g){Op) = {\z\ < |ci|}. So there is 
Zo G Op such that (/ — g){zo) = 0. 

If / and g are defined over K, then f — g is defined over K and 
Zq E K (part 2 of Lemma 13. 2|) . D 

3.5. One parameter families of holomorphic functions. A one 

parameter family of holomorphic functions, is a holomorphic function 
defined on a bidisk. Such a function f : B x D ^ Cp can be written 
in the form 

ft{z) = Co(t) + Ci(t)(z - C) + C2(t)(^ - 0' + ■ ■ ■ , 

for each ( E D, where each q is a holomorphic function defined on B 
and for each t E B the function ft is holomorphic. 

When / is defined over a finite extension K of Qp and ( E K, the 
functions q are defined over K. In that case, for every t E K the 
function ft is defined over K. 

3.6. Lemma. Let f he a one parameter family of holomorphic func- 
tions defined on a bidisk containing (0, 0), of the form 

ft{z) = Co{t) + ci{t)z + . . . 

Given r,r' G |C;| set B = {t E Cp \ \t\ < r} and D = {z e Cp \ \z\ < 
r'}. Assume that r > and r' > are such that for every t E B, we 
have 

|ci(t)| = |ci(0)|>0, |co(t)|< |ci(0)|r' 

and fort > 1 \ci{t)\{r'y-^ < |ci(0)|. 

Then for every t E B the holomorphic function ft maps D bijectively 
onto 

D' = {zECp\ \z\ < |ci(0)|r'}. 

Moreover, the inverse functions {ftlo)^^ form a one parameter family 
of holomorphic functions g, defined on B x D' . 

If f is defined over a finite extension K ofQp, then so is the family g. 
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Proof. Replacing / by / — /(O) we assume cq = 0. The hypothesis that 
for every t E B we have |ci(t)| = |co(0)| = 1, imphes that the function 
t 1-^ Ci(t)^^ is holomorphic, cf. |FvPj Lemme 1.2.5. So replacing / by 
q V 'W6 assume Ci = 1. 

Then the proof is similar to the proof of part 2 of Lemma 13.21 D 

3.7. The following lemma is an easy consequence of the previous one. 

Lemma. Let f be a one parameter family of holomorphic functions 
defined on a bidisk D_ and let (to, Zq) E D_be such that //^(-Zo) 7^ 0. Then 
for every small ball D containing zq there are balls B and D' of <Cp, 
such that to E B and such that for every t E B the function ft induces a 
bisection between D and D' . Moreover, the inverse functions (/jId)"^ 
form a one parameter family of holomorphic functions g defined on 
Bx D'. 

If f is defined over a finite extension K of Qp and tQ,ZQ G K, then 
so is the family g. 

3.8. Lemma. Let 6 G |C*| satisfying 6 < |pp and consider a one 
parameter family of holomorphic functions of the form 

ft{z) = Cd{t)z'' + Cd+i{t)z''+^ + ..., with q(0) ^ 0, 

defined for t and z close to 0. Then for every t and every ^ close to 0, 
the function ft maps the ball 

{zeCp\\z-^\<sm 
bijectively onto the ball 

{weCpl h-Q(0)e1<5|rfe1 -1^(0)1}. 

Moreover, for a fixed ^ the corresponding inverse maps form a one 
parameter family of holomorphic functions. 

If f is defined over a finite extension K of Qp and if ^ E K, then 
this family of inverse maps is defined over K . 

Proof. Let S be a ball containing such that for every t E B we have 
\cd{t) - q(0)| < 6\d\ ■ |q(0)|. Then \cd{t)\ = |q(0)| and 

{W7 G Cp I |w; - Q(t)e1 < <5Me1 ■ |q(0)|} 

= {weCp\\w- Q(0)e1 < 5|rfe1 ■ |q(0)|}. 

So the function t i-^ Cd(t)^^ is holomorphic on B and, replacing / by 
c^^/, we may assume that Cd{t) = 1. 

Let 7] G Cp be of norm equal to 6 and let r' > be small enough so 
that for j > d we have sup^ |cj(t)|(r')-'~'^ < 6\pd\. Set D = {\z\ < r'} 
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and fix ^ G D. Consider the one parameter family of holomorphic 
functions /i, defined on i? x Op by 

ht{z) = r'ftm + r,z)) - 1 = h,{t) + h{t)z + ... 

Observe that, as \ti\ = 5 < |pp, the coefficients of the polynomial 
{l + rjzY — 1 — rjdz have norm at most S\pd\. Therefore, for every t E B 
we have 

\biit) - r]d\ < 6\pd\ and for j ^ 1 \bj{t)\ < 6\pd\. 

So h satisfies the hypothesis of Lemma f3.6l with r' = 1. The assertions 
follow easily from the conclusions of this lemma. D 

4. Dynamics of rational maps. 

We consider a rational map R with coefficients in Cp as a dynamical 
system acting on P(Cp). We refer the reader to |Hsj and |Rlj for 
background on dynamics of rational maps. For a positive integer n 
we denote by i?" the n-th iterate of R and i?° will denote the identity 
map. 

Rational maps are locally holomorphic functions, in the sense that 
they are given by a convergent power series on a neighborhood of each 
point of P(Cp), in suitable coordinates. This follows from the fact every 
rational map has a power series expansion on a neighborhood of every 
point of Cp that is not a pole. 

4.1. Periodic points. A point Zq G P(Cp) is fixed by a rational map 
R G Cp{z), if R{zo) = zq. The point zq is periodic by R if for some 
integer n > 1 the point Zq is fixed by i?". When n is the least integer 
with this property, we say that n is the period of zq. In that case the 
derivative A = {R"y{zQ), in a coordinate such that zq 7^ 00, is invariant 
under coordinate changes and its is called the multiplier of zo- We say 
that Zo is a repelling, indifferent or attracting periodic point, according 
to |A| > 1, |A| = 1 or |A| < 1, respectively. 

Lemma. Suppose that a E Cp is a repelling fixed point of a rational 
map R and set A = R'{a). Denote by g the local inverse of R at a. 
Then there is a ball D containing a, such that g{D) C D and such that 
the sequence of functions {A* ((7* — a)}j>i converges uniformly on D to 
a holomorphic function (. Moreover ( is locally infective at a. 

By definition the function C, satisfies the functional equation ( o g = 
X^^C, so that C conjugates g to the map z h- >■ X~^z on a neighborhood 
of a. 
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Proof. After an affine coordinate change assume that a = and that g 
is defined on Op. Then g is of the form 

g(z) = \-h{l + CiZ + C2Z^ + ...), 

with hmj^oo |q| = 0. Set C = supj>i |cj| and note that for every z & Op 
we have \Xg{z) — z\ < C\z\'^. So if we set D = {\z\ < C^^}, then for 
every z ^ D we have \g{z)\ = |A|~"'^|2;| < \z\. So g{D) C D and it 
follows by induction that for every i > 1 we have |5'*(-2)| = |A|~*|2;|. 
Set Q = X^g\ so that for every z E D we have \Ci{z)\ = \z\ and 

ICmW -OWI < C\xng'iz)\' = iC\zf)\\\-\D 

4.2. Misiurewicz maps and homoclinic orbits. A rational map 
with marked critical point is a pair {R, c) consisting of a rational map 
R and a critical point c of R. When R has coefficients in a finite 
extension K of Qp and c E K, we say that [R, c) zs defined over K. 

A rational map with marked critical point (i?, c) is Misiurewicz, if 
the critical point c is mapped to a repelling periodic point of R under 
iteration. In this case, replacing R by an iterate if necessary, we assume 
that the critical point c is mapped to a repelling fixed point of R under 
iteration. Fix such (i?, c) and let £ > 1 be the minimal integer for which 
a = R^{c) is a repelling fixed point. A bi-infinite orbit is a sequence 
{zi}i<zz such that for every z G Z we have R{zi) = Zi^i. A homoclinic 
orbit is a bi-infinite orbit {zi}i^z for which 

lim Zi = a. 

As a is a repelling fixed point, this implies that for some m E "Z we 
have Zm = a- Moreover, if we denote by g the local inverse of R at a, 
then for some ra G Z, the point Zn belongs to the domain of definition 
of g and for j > we have Zn~j = g^{zn). 

4.3. Ramification and critical homoclinic orbits. A point z is an 
unramified preimage of a point w, if for some positive integer n > 1 
we have R^{z) = w and if the local degree of R^ at z is equal to 1. A 
point is unramified if it has infinitely many unramified preimages. 

Let {R,c),a,i,... be as in ^4.21 above. We say that a homoclinic 
orbit {zi}i^z is critical, ii zq = c and if for every j < the point Zj 
is an unramified preimage of c. In this case we have Zj = a for every 

Proposition. Let {R, c) be a Misiurewicz rational map with marked 
critical point, defined over a finite extension K of Qp. If the critical 
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point c is unramified, then there is a critical homoclinic orbit contained 
in a finite extension of K. 

Proof. Let £ > 1 be the least integer such that -R^(c) is a repelhng 
periodic point of R. Replacing R by an iterate if necessary we assume 
that a = R^{c) is a fixed point of R. Denote g a local inverse of R at a. 

As c is not periodic under R, the sets R~"'{c) for n > 1 are pairwise 
disjoint. It follows that for large n > 1 and every w' G R~"{c), all 
preimages of w' are unramified. As c is unramified, there is such w' 
that is in addition an unramified preimage of c. 

By the eventually onto property, there is a point w in the domain 
of definition of g and an integer m such that R"^{w) = w' |Hsj (note 
that w' is not an exceptional point, as R"{w') = a is a repelling fixed 
point.) By the choice of w', the point w is an unramified preimage of 
c. So the backward orbit {g^{w)}i>o and the forward orbit of w form a 
critical homoclinic orbit. 

As (R, c) is defined over K and w G i?~*^'^^"^(c), it follows that w and 
its forward orbit belong to a finite extension L oi K. As a = R^{c) G K 
it follows that g is defined over K, and hence over L. So the backward 
orbit {g''{'w)}i>Q is contained L. D 

4.4. One parameter families of rational maps. A one parameter 
family of rational maps defined over a ball B of Cp, is a function 

R:Bx P(Cp) -^ P(Cp) 

such that for each parameter t E B we obtain a rational map Rt : 
P(Cp) — >■ P(Cp) whose degree is independent oft and whose coefficients 
are holomorphic functions defined on B. We say that a one parameter 
family of rational maps R is defined over a finite extension K of Qp, if 
the coefficients of Rt are defined over K, as holomorphic functions. 

The following are natural operations to obtain new families from a 
given one. 

1. Coordinate change. Replace Rt by (ft°Rt° f^'^, where if : 
B X P(Cp) -^ P(Cp) is a one parameter family of Moebious 
transformations (rational maps of degree 1). 

2. Iteration. For a given n > 1, replace Rt by R]^. 

3. Base change. Replace Rt by -R<j.{t), where ^ : B ^ B is a, 
non-constant holomorphic function. 

Note that these operations preserve families defined over a finite ex- 
tension i^ of Qp, when ip and $ are defined over K. 
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Marked critical points. A one parameter family of rational maps 
with marked critical point {R, c) is a one parameter family of rational 
maps R : B X P(Cp) -^ P(Cp), together with a holomorphic function 
c : B —^ IP(Cp) such that q is a critical point of Rt, for every t E B. We 
say that {R, c) is defined over a finite extension K of Qp, when both R 
and c are defined over K. 



4.5. The following lemma shows that a one parameter family of ratio- 
nal maps is locally a one parameter family of holomorphic functions. 
So the considerations of Section El apply to families of rational maps. 

Lemma. Let R be a one parameter family of rational maps defined 
over a ball B. Then for every (tc-^o) E B x Cp such that zq is not a 
pole of RtQ, the restriction of R to a sufficiently small bidisk containing 
[to, Zq) is a one parameter family of holomorphic functions. 
Proof After a coordinate change assume Zq = Rq^Zq) = 0. As by 
assumption the degree of Rt does not depend on t, we can write Rt 
as the quotient of polynomials Rt = Pt/Qt, in such a way that the 
coefficients of Pt and of Qt are holomorphic functions of t and such 
that for each t E B the polynomials Pt and Qt do not have common 
factors. Write Qt{z) = Co{t)+Ci(t)z+. . .+Cdit)z'^. As by assumption Pq 
and Qo do not have common factors and -Ro(O) = 0, we have -Po(O) = 
and Co(0) ^ 0. Shrinking B if necessary, assume that the function 
t h-i> co(t)^^ is well defined and holomorphic on B. Then, replacing P 
by cqP and Q by Cq^Q if necessary, we assume Cq = 1. 

Let h be the holomorphic function 1 — Q and let D be a sufficiently 
small polydisk so that sup^ \h\ < I. Then, on D we have that R = 
P(l + h + h"^ + . . .) is a holomorphic function. D 

4.6. Holomorphic dependence. Let i? be a one parameter family 
of holomorphic functions defined over a ball B. Let to E B and oq € 
Cp be such that a^ is a repelling fixed point of Rt^. Then there is a 
holomorphic function a, defined on a ball B' containing tg, such that for 
every t E B' the point at is a repelling fixed point of Rt- The function 
\t = R'tiat) is holomorphic. 

Let g he a one parameter family of holomorphic functions defined 
on a bidisk containing (to,Oo), such that for every t the holomorphic 
function gt is a local inverse of Rt at at f Lemma 13. 7^ . Then we can show 
in a similar way as in Lemma 14. H that the sequence of holomorphic 
functions {X'^{g^ — a)}i>o converges uniformly to a one parameter family 
of holomorphic functions (. 
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When R is defined over a finite extension K of Qp and to, cto ^ K, 
then a, A, f? and C are all defined over K. 

5. MiSIUREWICZ BIFURCATIONS. 

Let (i?, c) be a one parameter family of rational maps with marked 
critical point. We say that (i?, c) has a Misiurewicz bifurcation att = to, 
if the following conditions are satisfied. 
(Ml) There is an integer i > I such that Rf^^CtQ) is a repelling fixed 

point of RtQ. 
(M2) CtQ is unramified for Rt^. 

(M3) Rl{ct) is not a fixed point of i?t, for some parameter t. 
(M4) deg^<!(cj) = c? for every t close to to- 

For t close to to, denote by at the fixed point of Rt that is the 
continuation of the repelling fixed point Rl^{ct^^) of Rt^. We say that 
the Misiurewicz bifurcation of (i?, c) at t = to is transversal, if the 
function t i— > R[{ct) — at has a non-zero derivative at t = to, in a 
coordinate such that oj^ 7^ 00. 

5.1. Admissible homoclinic orbits. Let (-R, c) be a one parame- 
ter family of rational maps with marked critical point, having a Misi- 
urewicz bifurcation at t = 0. Denote by C. the least integer for which 
flo = -Ro('^o) is a repelling fixed point of Rq. Assume ao 7^ 00 and set 

'^^o = -Ro('^o)- 

For a homoclinic orbit {zi}i^i the limit 

C = lim \l{z_i - flo) 

exists and it is non-zero, cf. Lemma 14.11 We call C, the asymptotic 
position oi the homoclinic orbit {zi}i^i. Note that a coordinate change 
(p affects C by a factor of (/3Q(ao). 

Set d = degj^i (co) and let p G C* be defined by 

R^oiz) = ao + p{z - coY + . . . 

For small t denote by at the fixed point of Rt that is the continuation 
of ao. As {R, c) has a Misiurewicz bifurcation at t = 0, it follows that 
the function t 1— ;> Rfict) — at vanishes at and that it is non-constant. 
So, there is a positive integer d' > 1 and p' G C* such that 

Rlict) -at = p'f' + ... 

When [R, c) is defined over a finite extension K of Qp, then ao = 
Rq{co), Xq, p and p' all belong to K. If moreover the homoclinic orbit 
{zi}i(zz is contained in K, then ( belongs to K*. 
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Definition. Let {R,c),Xo, ■ ■ ■ be as above and suppose that {R,c) is 
defined over a finite extension K ofQp. A fi' -admissible homoclinic 

orbit is a critical homoclinic orbit {zj}j<=i, contained in K , for which 
there is an integer m^ such that 

-X^%/peK'^ and X^X/p'eK'^'. 



Remark. 

1. The i^-adinissibility condition is invariant under coordinate 
changes and base changes defined over K. In fact, a coordi- 
nate change ip affects the first element by a factor of (v^o(co))^ 
and leaves the second invariant, while a base change $ leaves 
the first invariant and affects the second by a factor of ($'(0))'^ . 

2. Every critical homoclinic orbit can be made admissible by a 
finite extension of the base field. 

3. When the Misiurewicz bifurcation (/?, c) is transversal, that is 
when d' = 1, the second condition of i^-admissibility is auto- 
matically satisfied. 

5.2. Misiurewicz cascades. In this section we reduce the proof of 
Theorem A to the following proposition. The proof of this proposition 
is deferred to the next section. 

Proposition A. Let {R,c) be a one parameter family of rational maps 
with marked critical point, having a Misiurewicz bifurcation at t = 0. 
Suppose that {R, c) is defined over a finite extension K of Qp and that 
there exists a K-admissible homoclinic orbit. 

Then there is a sequence of parameters {t^} in K converging to 0, 
such that for every r, {R, c) has a transversal Misiurewicz bifurcation 
att = tr that admits a K-admissible homoclinic orbit. Moreover, if we 
denote by Cr>l the least integer such that R^'~{ct^) is a repelling fixed 
point of Rt^, then 

lim min A(q^, i?^Qj) = 0. 

The following corollary is immediate consequence of the proposition. 

Corollary 1. (Transversal Misiurewicz Bifurcations). Let {R,c) be a 
one parameter family of rational maps defined over a finite extension K 
}p. Among the parameters in K for which {R, c) has a Misiurewicz 
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bifurcation admitting a K-admissible homoclinic orbit, those having a 
transversal Misiurewicz bifurcation are dense. 



Proof of Theorem A. Let {R, c) and K be as in the proposition. 
Then there is a critical homochnic orbit contained in a finite extension 
L oi K (Proposition I4.3|l . Taking L larger if necessary, this critical 
homoclinic orbit is L-admissible. Then Theorem A is an immediate 
consequence of the following corollary of the proposition. 

Corollary 2. Let {R, c) be a Misiurewicz bifurcation at t = 0, defined 
over K. If there exists a K-admissible homoclinic orbit, then there are 
arbitrarily small parameters t in K for which the critical point ct of Rt 
is recurrent, but not periodic. 

Proof. Let tuq be the least positive integer such that oq = i?™"(co) is a 
repelling fixed point of Rq. For small t denote by at the repelling fixed 
point of Rt that is the continuation of oq. 

Set s° = 0. From the proposition we can define by induction a 
sequence of parameters {sn}n>i in K, converging to some parameter 
to G K, such that for every n > 1 the following properties hold. 

1. (-R, c) has a Misiurewicz bifurcation at t = s„ that admits a 
ii'-admissible homoclinic orbit. 

2. If we denote m„ the least integer such that i?^"(cs„) = as„, 
then 

min A(i?:jc.J,c.J<2-". 

l<i<m„ 

3. s„ is close enough to s„_i so that for every I < i < m„_i we 
have 

A(i?:jc,J,i?:„_^(c,„_J)<2"". 
Property 2 implies that for every n > 1 we have 
min A(i?^QJ,QJ<2-^ 

l<t<m„ 

SO that the critical point Qq of Rt^ is recurrent. Property 3 implies that 
for every n > 1 we have 

A(i?,^;(Qj,a,J<2-", 

so that the forward orbit of Ctg under Rtg accumulates on ot^. As at^ 
is a repelling fixed point of Rt^, it follows that the critical point q^ is 
not periodic. D 
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5.3. Recurrent critical points in Qp. Given a prime number p and 
an integer d > 1, consider tlie one parameter family of polynomials 

P,(z) = -p-''z{z-l)'' + t. 

As for every parameter t the local degree of Pt at 1 is equal to d > 1, 
it follows that (P, 1) is a one parameter family of polynomials with 
marked critical point, that is defined over Qp. We will verify that this 
family has a Misiurewicz bifurcation at t = and that there is a Qp- 
admissible homoclinic orbit. Corollary 2 then implies that there are 
arbitrarily small parameters t in Qp for which the critical point 1 of Pt 
is recurrent, but not periodic. 

Let us now verify that (P, 1) has a Misiurewicz bifurcation at t = 0. 

(Ml) Po(l) = is a fixed point of Pq whose multiplier Aq = — (— l)'^p~'^ 
satisfies |Ao| = \p\~'^ > 1. So property (Ml) is satisfied with 
£=1. 

(M2) Note that Pq is injective on trip = {\z\ < 1} and Po(mp) = {\z\ < 
\p\~'^}- So, if we denote by g the inverse of Polm^, then {(7*(l)}i>i 
is an infinite sequence of unramified preimages of 1 . This proves 
that 1 is unramified for Pq. 

(M3) As Pi(0) = t, for t ^ the point Pi(l) = is not fixed by Pt. 

(M4) As i = 1, for every t we have degp£(l) = d. 

Next observe that this Misiurewicz bifurcation is transversal. In fact, 
for small t denote by at the repelling fixed point of Pt that is the 
continuation of ao = 0. From the equation at = —p~'^at{at — lY + t 
we deduce that \at\ = \p'^t\ and that the derivative of t i-^ -Pt(l) ~ cit at 
t = is different from zero. 

We will show now that the homoclinic orbit formed by the backward 
orbit {(7*(l)}j>i and the forward orbit of 1 under Pq is Qp-admissible. 
As our Misiurewicz bifurcation is transversal, we only need to verify 
the first condition of Qp-admissibility. 

Since Pq and g are defined over Qp, this homoclinic orbit is contained 
in Qp. Denote by 

C = lim X},g\l), 

its asymptotic position. As 

Pq{z) = -p'\z - lY - p-\z - l)'^+\ 

we have p = — p^'^. We will show that ( G (Qp)'^, which implies that 
— C/p = p'^C ^ {QpY ^^^ that the first condition of Qp-admissibility is 
satisfied with mo = 0. Set Co = 1 and for i > 1 set Q = Ag(7*(l), so that 
( = hmj_+ooCi- From the identity Po{g{z)) = z we have \Qg{z)/z = 
(1 - g{z))-'^ G (Q;)'^, whenever z G Qp satisfies \z\ G (0, Ip]"'^). It 
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follows that for i > we have O+i/Cj ^ (QpY cind that Ci+i/Ci — >■ 1 as 
i —>■ oo. Therefore 

C = n(Cm/0)eQj. 

i>0 

6. Proof of Proposition A. 

Denote by £ > 1 the least integer for which ao = Ro{co) is a repelling 
fixed point of Rq. For small t denote by Oj the repelling fixed point 
of Rt that is the continuation of oq. Since every non-constant rational 
map has at least one non-repelling fixed point jBe2j , after a coordinate 
change we assume that oo is a non-repelling fixed point of Rq. So for 
every small t we have at ^ oo and ct ^ oo. 

Denote by Aj = (i?j)'(aj) the multiplier of at and denote by gt the 
local inverse of Rt at at. We assume that the gt are all defined on a 
ball of Cp containing ao, that does not depend on t f Sect ion l3 .71) . 
A. By hypothesis there is a /('-admissible homoclinic orbit {zi}i^i of 
(i?o,co); denote by ( its asymptotic position. Let p, p' G K*, d = 
degj^i{ct) > 1 and d' > 1 be as in the admissibility condition. Then 
there are rriQ G Z and ^, ^' G K* such that 







pe= 


-Arc 


and 


p'ier' = Arc 


For a given i 


integer r 


set m = 


-rdd' 


-mo. 




B 


' = {ze 


Cp z- 


-X-,''^'\< p'd\.\X',^'i'\ 


and for t 


ei?'. 












Bt = 


{z G Cp 


z-\ 


-r,^ 


-ct < p'd'l-lXo"^'' 



Lemma 13.81 applied to 6 = \p'^d\ and to t i— > Rti^t) ~ cit, implies that 
when r is large enough the function t h-> Rl{ct) — at maps B' bijectively 
onto 

{weCpWw- Ao-'"CI < Ip'rfrf'l ■ |Ao-"C|}- 
Moreover, Lemma 13.81 applied io 5 = \p'^d'\ and to the family z i— > 
Rl{z + Ct) — Rl{ct), implies that when r is large enough for every t E B' 
the function Rl maps Bt bijectively onto 

{w G Cp I 1^ - Rlict) + Ao-"^CI < \p'dd'\ ■ |Ao-'"C|} 
= {we€p\\w- at\ < \p^dd'\ ■ |A^™C|}- 
B. As the homoclinic orbit {zi}i^z is critical, we have zq = cq and for 
every j > the point z_j is an unramified preimage of Cq. Moreover, 
for some n > the point z_„ belongs to the domain of go and for j > 
we have z_(^n+j) = 9oi^-n)- Since oo is a non-repelling fixed point of 
Rq, the homoclinic orbit {zi}i^x is contained in Cp. 
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By Lemma 13.71 it follows that, for every < i < n and every suffi- 
ciently small ball V containing cq, there is a ball B containing Iq and 
a one parameter family of holomorphic functions /i* defined on B x V, 
such that for every t & B the holomorphic function hi is a local inverse 
of Rt such that /io(co) = ^-i- Reducing V if necessary, we assume that 
for every < i < n and t & B the set h\{T>) is contained in the domain 
of Qt- Then for j > the function h^^-' = g^ o h^ is a. holomorphic 
function defined on B xV. So for every j > 1 the function h^ is a holo- 
morphic function defined onVxB and for every t E B the holomorphic 
function h^ is a local inverse of Rl such that /io(co) = Z-j. 

It follows that for every small t the critical point Ct of Rt is unram- 
ified, as {hl{ct)}i>o is an infinite sequence of unramified preimages of 

Cf 

C. The proof is organized as follows. In part D we define for every 
t E B' = B'{r), an orbit {zi{t)} e<i<e^ ending at Zi^(t) = at. In part E 
we show that when r is sufficiently large there is a parameter tr G B' 
in K such that R[^{ct^) = Zi{tr), so that 

R'iMr) = ZiM = au 

and so that {R, c) has a Misiurewicz bifurcation at t = t^- In part F 
we show this Misiurewicz bifurcation is transversal. In part G we show 
that the critical homoclinic orbit (for t = tr) determined by the infinite 
backward orbit {hi (q^)}j>o, is if-admissible. The last assertion of the 
proposition is easy to verify, this is done in part E. 

D. Let r > r be such that |Ao|~^''~''^'^'^ < \p'^dd'\ and set fh = rdd' — mo- 
Given an positive integer k set ir = {k — l){m + i) + m + 2i. 

We assume r large enough so that for every small parameter t we 
have Bt C V. For t E B' define w} , . . . , Wt E Bt inductively as follows. 
Let wj be the unique inverse image of at by Rf in Bt . Let 1 < j < A; be 
given and assume that wl' is already defined. When r is sufficiently 
large we have 

KiwD - at\ = lAoi-^ici < ip'dd'i ■ \Xornc\- 

So h^iwl^ ) G R[{Bt) has a unique preimage by Rl in Bt. We let wl 
be this preimage. 

Set Zi{t) = hf{w^) and for £ < i < 4 set Zi{t) = Rt'\zi{t)). Then, 
for < j < /c — 1 we have 

Zj{m+e.)+m+l\t) = Wt , 

and therefore z^X'^) = at- 
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It follows from Lemma 13.81 and from the fact that the functions h^ 
are holomorphic and defined over K, that the functions w^ and Zi are 
holomorphic functions defined over K. 

E. Recall that m = rdd' — ttiq depends on r. Assume r large enough 
so that for every w close to Ct and every small t we have 

\C-X^{hT{w)-at)\<\p'dd'\-\C\ 

(Section 14. 6|) . Since for every t E B' C {\z\ < |Ao|~'^'^|^'|} we have 
Bt C {|-2| < |Ao|^^''^ |^|}, it follows that for large r the function 

g{t) = X^'-C-{hT{w^)-a,), 

satisfies \g\ < \p^dd'\ ■ |Ao|"'^|C| on B'. 

On the other hand, by part A the function f(t) = Rl{ct) — at — Xq'^( 
maps the ball B' univalently onto the ball 

{weCp\ \w\ < \pdd'\ ■ lAol-'^ICI}. 

So sup^/ \g\ < diam(/(i?')) and Lemma 13.41 implies then that there is 
parameter t^. G B' such that fit,,.) = g(tr), so that R[^{ct^) = h]^{w^J = 
Zi{tr)- Since {R, c) and the functions a and K^i^w^) are defined over K 
and \q"^C £ -^! it follows that / and g are defined over K and tr E K 
(cf. Lemma f3.4j) . 

Let us verify now that {R, c) has a Misiurewicz bifurcation at t = t^- 
By definition of tr we have R{^{ct^) = -2£,. (tr) = at,.. As remarked in 
part B, for every t & B' the critical point q is unramified for Rt. By 
construction, for every t & B' none of the points Zi{t), for i < i < ir, 
is a critical point of Rt, so deg^£r(ci) = deg^£(ci) = d. It remains to 
verify condition (M3). Suppose by contradiction that for every t E B' 
we have Rt''{ct) = at- This implies that the functions Rfict) and Z£{t), 
and hence / and g, coincide on B'. But we saw above that g{B') is 
strictly smaller than f{B'). 

To verify the last assertion of the proposition, observe that R]^~^^{ct,.) = 
wf^ G Bt,., so that 

A{ct^,RT^+'{ct^)) < \Xor'\^\ ^ as r ^ oo. 

F. We prove now that for large r the Misiurewicz bifurcation {R, c) 
at t = tr is transversal. As cxd is a non-repelling fixed point of Rq, 
it follows that for small t the forward orbit of c under Rt,. does not 
contain oo. So dtRt is well defined at each of these points. 

After an affine change of coordinates we assume that a = at and c = 
Ct do not depend on t. So for all t we have Rt{a) = a and dtRt{a) = 0. 
Moreover there is a constant C > such that for every point z close 
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to a we have \dtRt{z)\ < C\z — a\. Enlarging C if necessary we assume 
that for every w eT) near c and every positive integer i we have 

(1) \dt{Rt)\t=tMSw))\<C\\,r and |(i?iJ'KH)l>C-^|Aor- 

• For < j < A; - 1 set A/j- = m + £ + j(^ + £), so that 4 = A^^-i + ^• 
Moreover for every < j < A; — 1 we have R^^^ (ct^) = w^~-' and for 
1 < j < A; - 1 we have R^J-'^\ct) = hfiw''-^). 

For < j < A; - 1 set Dj = dt (R^'^\ct)) \t=tr- Note that Dk-i = 

dt{R/{ct) — a), so we need to prove that D^-i ^ 0. 
For < j < A; — 1 we have 

where Aj = {dtRl)\t=tr{'Wt~'') , and when j ^ 0, 

B, = {Rl)\njt')-dt{Rf)\t=tXht{<')l 

When J = 0, 

B, = «)'«) • dtiRT)\t=uihuK)), 

Co = {RT^')\hZ{wl)).d,{Ri{c,))U^. 

We will show by induction in j that \Dj\ = \Cj\. By induction in j 
this implies that 

\D,\ = \{R^;y{Rl{c,^)).d,{Rl{c,))U=,^ 

But this last quantity is non-zero, since the first factor is non-zero by 
construction and \dt (-R^(ci)) \t=tr\ = \p'd'{trY~^\ ^ 0. So this claim 
implies that Dk-i 7^ 0, as wanted. 

• Observe that for t close to and w close to c we have 

Rliw) = ao{t) + ad{t){w - c)'^ + . . . , 

with ao(t) = a + p'f^ + . . . and ad{0) = p. Therefore, enlarging the 
constant C if necessary, we have 

\dt{Rl)\t=u{^)\ < Cme.xiluf-', \w - c\''}. 

As \tr\ = Cq I Ao I ~™'/'^' and \w^^^ — c\ = co|Ao|~™'^°' for constants Cq,Cq > 
independent of j and r, it follows that when r is large enough we have 

• For large r we have 

iK)'Kt"^')i = \Piwt~' - cr'\ = c,\\on^'-'/'\ 
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where Ci = \p\cq ^. 



Fix < j < A; — 1 and let n = m ii j ^ and n = m ii j = 0. Then 



l<i<n 

The inequahties (0) then imply 



k-j-\ 



dt{R7)\t=tAhl{wr)) 



<C^\Xn\-'<C'. 



So \Bj\ < C^ci\Xo\~^"'^^-^/'^l 
We have 



Co = {RTjihT^w')) ■ {Rtnw') ■ d,{Rl{c,m=,^, 

so \Co\ > C-i|Aor ■ cilAor'^('^-i)/'^ ■ \p'd'\\tr\'^'-^ = C2\Xo\-"'^^-^/'^'^/'^'\ 
where C2 = C-^ci\p'd'\{c'QY'-\ 

We assume r large enough so that 
(2) 
C2|Aor"(^-^/"-^/''')>max{C(c[,)'^'-i|Aor'"(^-^/'^'\C2ci|Aor'"(^-^/'')}. 

This implies |Co| > max{|Ao|) |-Bo|} and \Dq\ = \Co\. 
For 1 < j < fc — 1 we have 

c, = iRfJKi<-')) ■ iRiy«n ■ D,^u 

so for large r we have \Cj\ > C-^IAoT'^cilAor'^^^^^/^'^IQ-il > |Cj-i|. It 
follows by induction in j that \Cj\ > \Co\- Then inequality (0) implies 
that \Cj\ > max{|y4j|, \Bj\} and \Dj\ = \Cj\. 

G. Now we will prove that, if A; = c? and r is large enough, then the 
critical homoclinic orbit, for t = tr, determined by the infinite back- 
ward orbit {hl^{ct^)}i>o is ii"-admissible. Denote by Cr the asymptotic 
position of this homoclinic orbit. 

By part F the Misiurewicz bifurcation {R, c) at t = tr is transversal, 
so we only need to verify the first condition of i^-admissibility. We 
fix the parameter t = tr and omit all the indexes corresponding to 
parameters. We will use several times that {K*Y is open in K* , so 
that any element in K close to 1 belongs to K"^. 

Define pr.'pr G K* by 

i?^'(^) = a + pr{z -cY + ... and R\z) = R\c) + pr{z - cf + . . . 

We have pr = (i?^''~^)'(-R^(c)) -pr- As A = Xt^ -^ Aq, Cr — ^ C and Pr -^ p 
as r — i> oo, it is enough to prove that 

{R'^-'y{R\ct)) = Pr/Pr e K". 

By construction R^{c) = h'^{w^). Moreover, recall that 

£r — i = {k — l){m + i) + m + £ and fh = rdd! — mo = m+ (r — r)dd' . 
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Therefore, 






We will verify that each of the two factors of the last term belong to 
-ft'^, thus completing the proof of the proposition. Observe that, as 
tf G K^ we have that c, a. A, w^ , h^w^), ... all belong to K. 

• For the second factor, observe that when r, and hence m, is large 
enough, for every m < i < m the point K'{w^) is close enough to the 
fixed point a, so that R!{h}{w^))/\ G K'^. Therefore 

m<i<fh 

belongs to K'^, as it is the product of elements in K"^. 

• For the first factor, observe that 

{R'^^^+^^Yih^iw'')) = Yl {R^-^y{h^{w')). 

Since for every w & V we have h^{w) -^ a as, i ^ oo, it follows that 
if w G -ft' is close enough to c, then for every positive integer s we have 

R'{h\w))lR'{h\c)) G K''. 

So if r is sufficiently large then for every 1 < j < A; we have 

{R^)\h^{w^))/{R^)\h^{c)) G K'^. 

On the other hand, for 1 < j < A; — 1 we have 

\h^{w^) - a\/\R\c) -a\ = lAor^"""^^^'. 

Since R^{w^) = a and for 1 < j < A; — 1 we have R^{w^~^^) = h"^{w^), 
it follows that, if r is large enough compared to r, the quotient 

{Ry{w^^')/{Ry{w') 

is close enough to 1, to belong to K'^. Setting r] = {R^)' {hJ^ {c)) ■ 
{R^y{w^), we thus have {R^+^'Y {h^ {w^))r]'^ G K'^. When A; = rf it 
follows that 

Y[ (i?™+0'(^™K)) =^''■11 {iR^^'Yih'^iw'))v'^) G K'^n 

l<j<k l<j<d 
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